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INTRODUCTION
Let r and n be integers, rn2. Let $(r, n) denote the least integer d for
which there exist two disjoint multisets [E1 , ..., Ed ] and [E$1 , ..., E$d ] of
equivalence relations on a set X of cardinality r, such that each relation has
at most n classes, at least one of them actually has n nonempty classes, and
for each x # X the restrictions of the Ej to X&[x] coincide in some order
with the restrictions of the E$j to X&[x].
The function $ was introduced in [1], where it was shown that a deter-
mination of the values of $ would make it possible to calculate the arity of
certain wreath products.
It was also shown in [1] that $(r, 2)=2r&2 when r is even, while $(r, 2)
is undefined when r is odd. Based on examples and machine computations,
conjectures were made for the values of $(r, n) when n3. The conjectured
values for n=3 were confirmed in [2], and the conjectured values for n=4
and r odd were confirmed in [3]. The purpose of the present paper is to
establish the remaining values of $(r, n). Some of our results are in accord
with the conjectures, while others are not.
For the convenience of the reader we summarize the results of [2, 3],
and follow them with the results of this paper.
Fact [2].
3 for r=3
3(2r&3&1) for odd r5
$(r, 3)={2r&1&2r&4&3 for even r4, r{4, 83 for r=4108 for r=8.
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Fact [3]. $(r, 4)=2r&2&1 for odd r5.
Theorem I. $(r, n)=2r&n2&1 for r and n both even.
Theorem II. $(r, n)=3 } 2r&(n+5)2 for r even, n5 odd.
Theorem III. (A) $(r, n)=3 } 2r&(n+3)2 for r and n both odd, r=n
(B) $(r, n)=9 } 2r&(n+7)2 for r and n both odd, r>n>3.
Theorem IV. (A) $(r, n)=7 } 2r&n2&3 for r=n+1, n6 even
(B) $(r, n)=27 } 2r&n2&5 for r odd, n even, rn+3, n8; and for
(r, n)=(9, 6)
(C) $(r, n)=7 } 2r&n2&3 for n=6, r11 odd.
Theorems IIV give values that agree with Conjecture A$ of [1, p. 279]
when r and n are even and when r&n2. In all other cases the values are
smaller than the conjectured ones.
The outline of this paper is as follows. In Section 1 we recast the asser-
tions of Theorems IIV into a more uniform version that facilitates the
proofs, and we establish that the asserted values are indeed upper bounds
on $. In Section 2 we prove Theorems III(A) and IV(A) by using an argu-
ment that is effective when r&n is small. In Section 3 we prove Theorems I
and II by a simple inductive argument, and in Sections 4 and 5 we elaborate
this argument to prove Theorems III(B) and IV(B), (C).
The bulk of the paper is devoted to proving Propositions 3.2, 3.3, 4.1,
and 5.1, which establish the (progressively more stringent) lower bounds
needed for, respectively, Theorems I, II, III(B), and IV(B), (C). We prove
each of 3.2, 3.3, and 4.1 in a setting more general than the corresponding
theorem requires, so that each proposition can be used in proving the sub-
sequent propositions. In this sense, the proofs of the lower bounds are
nested in a way that is not apparent from the statements of the theorems.
1. UPPER BOUNDS ON $(r, n)
In [1, Sect. 6] it is shown that if r=r1+r2 and n=n1+n2 , where
r1n12 and r2n22, then $(r, n)2$(r1 , n1) $(r2 , n2). In using this
estimate, and in all the arguments to follow, we find it easier to work with
2(r, n)=2$(r, n) than with $(r, n). For example:
Lemma 1.1. If r1n12, r2n22, and (r, n)=(r1+r2 , n1+n2) then
2(r, n)2(r1 , n1) 2(r2 , n2).
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If we define 4(r, n) by the equation 2(r, n)=4(r, n) } 2r&n2 then
Theorems IIV can be expressed as follows:
Theorem I. 4(r, n)=1 for r and n both even.
Theorem II.
4(r, n)=
3
2 - 2
for r even and n5 odd.
Theorem III.
(A) 4(r, n)=
3
- 2
for r=n, both odd
(B) 4(r, n)=
9
4 - 2
for r and n both odd, r>n>3.
Theorem IV.
(A) 4(r, n)= 74 for r=n+1, n6 even
(B) 4(r, n)= 2716 for r odd, n even, rn+3, n8; and
for (r, n)=(9, 6)
(C) 4(r, n)= 74 for n=6, r11 odd.
The upper bounds on 4 needed for Theorems IIV follow from
Lemma 1.2. (i) If r=r1+r2 , n=n1+n2 , r1n12, r2n22, then
4(r, n)4(r1 , n1) 4(r2 , n2).
(ii) If r and n are both even then 4(r, n)1.
(iii) With r’s and n’s as in part (i), if r2 and n2 are even then
4(r, n)4(r1 , n1).
Proof. Part (i) is immediate from Lemma 1.1, and (iii) follows
immediately from (i) and (ii). To prove (ii) we note that for even r we have
2(r, 2)=2r&1, so 4(r, 2)=1. We then obtain (ii) by applying (i) repeatedly.
Lemma 1.2(ii) establishes the upper bound relevant to Theorem I. For
Theorem II we note that if r is even and n5 is odd then (r, n)=(4, 3)+
(r&4, n&3), so by 1.2(iii) we have 4(r, n)4(4, 3)=3(2 - 2).
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For Theorem III(A) we note that 4(3, 3)=3- 2, and that for odd
r=n5 we have (r, n)=(3, 3)+(r&3, n&3) so we can apply 1.2(iii). For
Theorem III(B) we first note that 4(5, 3)=9(4 - 2), and then for r>n>3,
both odd, we write (r, n)=(5, 3)+(r&5, n&3) and apply 1.2(iii).
For Theorem IV(A), (C) we observe that 4(5, 4)= 74 and then write
(r, n)=(5, 4)+(r&5, n&4). For Theorem IV(B) we first note that
4(9, 6)4(4, 3) 4(5, 3)=(3(2 - 2)) } (9(4 - 2))=2716, and then for
n8, rn+3, n even and r odd we write (r, n)=(9, 6)+(r&9, n&6).
Before we turn to the lower bounds that will establish Theorems IIV,
we note that equality does not always hold in Lemma 1.1. For example,
we have 2(8, 5)2(4, 2) 2(4, 3)=8 } 6=48, so 2(8, 5){2(2, 2) 2(6, 3)=
2 } 50=100. This shows that Conjecture A of [1, p. 278] is incorrect.
2. THEOREMS III(A) AND IV(A)
Let rn2, and let X be a set of cardinality r. By an (X, n)-pair we
mean a pair (E1 , E2) of disjoint multisets of equivalence relations on X, such
that each relation in E=E1 _ E2 has at most n classes, at least one of them
actually has n nonempty classes, and for every x # X the restrictions of the
relations in E1 to X&[x] coincide in some order with the restrictions of
the relations in E2 to X&[x]. Our task is to show that if |X |=r then for
every (X, n)-pair (E1 , E2) the number ’(E) of relations in E=E1 _ E2 , counted
according to their multiplicities, is at least the asserted value of 2(r, n).
In doing so it will be convenient to think of all the relations in E as
having n classes, some of which may be empty. With this understanding,
we note that for any relation R in Ei and x # X, there is a relation R* in
E3&i that is obtained from R by moving x to a different class. We will refer
to relations obtained from one or more uses of this observation as being
obtained by moving certain elements of X, or by movability.
Using movability, we obtain
Lemma 2.1. If R is a relation in E having a minimal number of nonempty
classes, then every nonempty class of R has at least two elements.
Proof of Theorem III(A). We must show that if r=n, both odd, then
’(E)3 } 2r&(n+1)2=3 } 2(r&1)2.
If r=3 we already have this result, so we assume r5.
Let R1 be a relation in E having a minimal number of nonempty classes,
and say these classes are C1 , ..., Ck . If k=1 then C1 has r elements so by
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fixing one element and applying movability to all the others we obtain 2r&1
distinct relations in E. Since r5 this is at least the desired number
3 } 2(r&1)2. So we may assume k2.
If we fix one element xi in each Ci and apply movability to the rest, we
obtain 2r&k distinct relations in E. If k(r&3)2 this is at least 4 } 2(r&1)2,
which suffices. So we assume k(r&1)2. Since r is odd, k(r&1)2 by
Lemma 2.1, so k=(r&1)2. We now consider two cases.
Case 1 (For Some i{ j There Is a Relation in E in Which an Element
of Ci Is in the Same Class as an Element of Cj ). Then choose such
elements for our xi and x j above. If we take a relation R2 in E which has
as few nonempty classes as possible subject to the condition that xi and xj
be in the same class, then every nonempty class in R2 has at least 2
elements so R2 has (r&1)2 nonempty classes. So fixing xi , x j , and one ele-
ment from each of the other nonempty classes, and applying movability to
the rest, we get 2r&(r+1)2 relations in E in which xi and xj are in the same
class. But from above we have 2r&k=2 } 2r&(r+1)2 relations in which xi
and xj are apart. This concludes the proof in Case 1.
Case 2 (For i{ j No Element of Ci Occurs in the Same Class with an
Element of Cj in Any Relation in E). Since k=(r&1)2 it follows from
Lemma 2.1 that one class in R1 , say Ck , has 3 elements, and the others
have 2. On the r&3 elements of C1 _ } } } _ Ck&1 we can induce 2r&3&(k&1)
relations R& by fixing x1 , ..., xk&1 and applying movability to the rest.
For any of these 2(r&3)2 choices for R& we consider relations in E that
induce R&. Using the fact that no element of Ck occurs with any element
of C1 _ } } } _ Ck&1 we see that all partitions of Ck are induced by these
relations, and that the relation placing the elements of Ck in three separate
classes occurs with multiplicity at least 2. So, counting multiplicities,
’(E)6 } 2(r&3)2=3 } 2(r&1)2.
Proof of Theorem IV(A). Suppose r=n+1 where n is even and n6.
We assert that the number of distinct relations in E is at least
7 } 2r&n2&2= 72 (2
n2).
For the purposes of this argument, call a relation good if each of its non-
empty classes has at least 2 elements. Since r=n+1, no good relation has
more than n2 nonempty classes. If some good relation has at most n2&1
nonempty classes then using movability as above we obtain from it at least
2n+1&(n2&1)=4 } 2n2 distinct relations in E, and we are done. So we
assume that every good relation in E has exactly n2 nonempty classes, one
of which has 3 elements and the rest of which have 2.
By Lemma 2.1, take such a good relation R1 , and for x # X denote by
Cx the class of x in R1 . We consider three cases.
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Case 1 (For Some x There Exist a, b in X and Relations Ra , Rb in E
Such That x Occurs with a in Ra and with b in Rb , and Cx , Ca , Cb Are All
Different). In this case by fixing x, a, b and one element from each of the
remaining n2&3 classes in R1 and using movability on the remaining
elements we get 2n+1&n2=2 } 2n2 relations in which x is with neither a
nor b.
If x occurs together with both a and b in one class in some relation in
E then we obtain from this a good relation Rab in which x is with both a
and b. Fixing x, a, b and one element from each of the other n2&1 classes
of Rab we get 12 (2
n2) relations in which x is with a and b, and then moving
one of a or b away from x in each of these yields another 2n2 in which x
is with exactly one of a or b. So we have 72 (2
n2) relations. If on the other
hand x never occurs with both a and b together in any relation in E, then
from Ra we obtain a good relation in which x is with a but not b, and then
fixing x, a, b and one element from each of the other n2&2 classes we get
2n2 relations. Likewise we get 2n2 relations in which x is with b but not a
so we have 4 } 2n2 relations.
Case 2 (The Same as Case 1 Except That Ca=Cb{Cx).
Subcase 2a (In R1 We Have Ca=[a, b]). Then when we take R1 and
move b it cannot join x, lest when we then move a we obtain a good rela-
tion with fewer than n2 nonempty classes. Thus, fixing x, a, and one
element from each of the other n2&2 classes of R1 , and moving b first if
we move it, we obtain 2 } 2n2 relations in which x is with neither a nor b.
We then finish as in Case 1.
Subcase 2b (In R1 We Have |Ca |=3). Then if when we take R1 and
move b it joins x, we replace x by b and are in Subcase 2a, since |Cx |=2.
So we assume we can move b without its joining x, and then we finish as
in Subcase 2a.
Case 3 (Every x Occurs in the Relations in E With at Most One
Element Not in Cx). In this case the 3-element class C of R1 is the only
3-element class in any relation in E. It follows that no c # C can ever occur
with any z  C in any relation in E. For if it did it would do so in a good
relation, but then the 3-element class of this good relation would be distinct
from C.
It follows that there exist x, y such that Cx{Cy , |Cx |=|Cy |=2, and x
and y occur together in some relation Rxy in E. For if not we can start with
R1 and move one element of each two-element class to obtain a relation in
which the elements of X&C are in n&2 classes. But then the elements of
C can only move in the remaining two classes, so since |C | is odd, moving
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all the elements of C shows that there is a relation in E1 & E2 , a contra-
diction.
Taking such an x, y and Rxy we obtain a good relation in which [x, y]
is a 2-element class and C is the 3-element class. From this we obtain rela-
tions having C as a class and inducing 14 (2
n2) relations on X&C with x
and y together, while from R1 we obtain relations having C as a class and
inducing 12 (2
n2) relations on X&C with x and y apart. From any of these
3
4 (2
n2) relations we can obtain a relation inducing any of the 5 partitions
of C, so |E| 154 (2
n2) and Theorem IV(A) is proved.
3. THEOREMS I AND II
Let |X |=r, let (E1 , E2) be an (X, n)-pair, and let E=E1 _ E2 . The main
tool of this section will be the idea of an E-maximal class.
A class M of a relation in E will be called E-maximal, or just maximal if
E is clear from context, if no class of any relation in E properly includes M.
A maximal class M will be called proper if M{X.
If M is a proper maximal class then by movability |X&M |2. For
i=1, 2 let Ei (M ) be the multiset of equivalence relations on X&M
obtained by taking the relations in Ei having M as a class and deleting that
class (each relation is taken as many times as its multiplicity in Ei ). Let
E(M )=E1(M ) _ E2(M ), and let n(M ) be the maximal number of non-
empty classes occurring in any relation in E(M ).
Lemma 3.1. If M is a proper E-maximal class then (E1(M ), E2(M )) is an
(X&M, n(M ))-pair.
Proof. We have n(M )2 since |X&M |2. E1(M ) and E2(M ) are dis-
joint because E1 and E2 are disjoint.
If x # X&M then since M is maximal x and M never occur together in
any relation in E. It follows that if we restrict all the relations in Ei (M ) to
X&M&[x], the relations we get are the same ones we get by restricting
all the relations in Ei to X&[x], then taking all the ones having M as a
class and deleting that class. Therefore the relations we get are the same for
i=1, 2.
We complete the proof of Theorem I with
Proposition 3.2. If rn2 and |X |=r then for every (X, n)-pair
(E1 , E2), the number of distinct relations in E=E1 _ E2 is at least 2r&n2.
Proof. By induction on n. For n=2, r must be even and we obtain all
2r&1=2r&n2 partitions of X into at most two pieces.
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For the induction step, take a maximal class M1 . If |M1|=r then by
movability we have at least 2r&12r&n2 distinct relations in E. So we
assume that all maximal classes are proper.
By Lemma 3.1, (E1(M1), E2(M1)) is an (X&M1 , n1)-pair, where n1=n(M1)
and n1<n, so by induction hypothesis if |M1|=m1 then E(M1) contains at
least 2r&m1&n1 2 distinct relations. For each of these we have a relation in
E in which M1 is a class, so applying movability to all but one fixed x # M1
we get at least
2m1&1 } 2r&m1&(n1 2)=2r&(n1 2)&1
distinct relations in E. If n1n&2 this completes the proof.
So suppose n1=n&1 and note that we have 2r&(n2)&(12) distinct rela-
tions in which x occurs with no element of X&M1 . Taking a relation in
which M1 is a class and the elements of X&M1 occupy n&1 classes, and
moving x, we get a relation in which x occurs with an element z of X&M1 .
Let M2 be an E-maximal class containing x and z. M2 is proper by
assumption, so (E1(M2), E2(M2)) is an (X&M2 , n2)-pair, where n2=n(M2)
<n. Proceeding as above, applying movability to all elements of M2 except
x and z, we get at least
2r&(n2 2)&22r&(n&12)&2=2r&(n2)&(32)
distinct relations in which x occurs with z. So we have a total of at least
2r&(n2)(2&12+2&32)=(3(2 - 2))(2r&(n2)) distinct relations.
We complete the proof of Theorem II by proving
Proposition 3.3. If rn3, n is odd, and |X |=r then for every
(X, n)-pair (E1 , E2) the number of distinct relations in E=E1 _ E2 is at least
(3(2 - 2))(2r&n2).
Proof. By induction on odd n3. For n=3 we see that when r=3 we
get 5 distinct relations, and for r4 we rely on the results of [2], which
assert that the number of distinct relations is at least the stated value of
2(r, 3), which can be checked to be at least (3(2 - 2)) 2r&32 in all cases.
For the induction step, take a maximal class M1 . If M1=X we are done,
as in the preceding proposition, so we assume that M1 is proper and thus
from the (X&M1 , n1)-pair (E1(M1), E2(M1)) we get 2r&(n1 2)&1 distinct
relations in E. If n1n&3 this is at least - 2 } 2r&n2 and we are done. If
n1=n&2 then inductively we get by moving all elements of M1 except one
2m1&1 }
3
2 - 2
} 2r&m1&(n1 2)=
3
2 - 2
(2r&(n12)&1)=
3
2 - 2
(2r&n2)
238 DAN SARACINO
distinct relations. If n1=n&1 we argue as in the proof of the preceding
proposition that there are at least (3(2 - 2))(2r&n2) distinct relations in E.
4. THEOREM III(B)
We will prove
Proposition 4.1. If (E1 , E2) is an (X, n)-pair, where |X |=r is odd and
n3, then the number of distinct relations in E=E1 _ E2 is at least
(9(4 - 2))(2r&n2).
Note that we do not assume n is odd. We argue by induction, and for
n=3 we proceed as in the proof of Proposition 3.3, using the fact that for
odd r5 the known value of 2(r, 3) is at least (9(4 - 2))(2r&n2).
We will need to generalize the idea of an E-maximal class. An equiv-
alence relation M (with nonempty classes) on a subset YM of X will be
called an E-maximal configuraton if M is induced by some relation in E,
and for every relation R inducing M the classes of M are classes of R. Such
an M will be called proper if YM is a proper subset of X. If M is proper
then for i=1, 2 we let Ei (M ) be the multiset of relations on X&YM
obtained by taking the relations in Ei that induce M and deleting all the
classes of M. We define E(M ) and n(M ) as before and have
Lemma 4.2. If M is a proper E-maximal configuration then (E1(M ),
E2(M )) is an (X&YM , n(M ))-pair.
If T is a subset of YM containing at least one element of each class of M
then we shall often count relations in which T is partitioned as in M and
no element of T occurs with any element of X&YM by counting E(M ) and
then fixing the elements of T and applying movability to the remaining
elements of YM . We shall refer to the resulting count
(2 |YM | &|T |) |E(M )|
as the standard count on M fixing T.
We will approach the induction step in the proof of Proposition 4.1 by
considering two cases depending on the following definition. We define
+(E) to be the largest integer k such that for some E-maximal class M and
some x # M, there is a class in some relation in E containing x and k
members of X&M.
The Case +(E)2. We assume |E|<(9(4 - 2))(2r&n2) and seek a
contradiction.
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Lemma 4.3. Every E-maximal class M has odd cardinality.
Proof. Suppose |M |=m is even, so in particular M is proper.
We first assert that n(M )=n&1. For if n(M )n&2 then by the standard
count on M fixing one element, and applying the induction hypothesis to
|E(M )|, we get at least
2m&1 }
9
4 - 2
(2r&m&(n&2)2)=
9
4 - 2
(2r&n2)
relations, a contradiction.
For any x # M we thus have at least 2m&1 } (9(4 - 2))(2r&m&(n&1)2)=
(98)(2r&(n2)) relations in which x occurs with no element of X&M. We
claim that there cannot be two elements a and b in X&M such that x
occurs with each of a and b in E. For if there are we can take maximal
classes Ma containing x and a and Mb containing x and b. If neither Ma
nor Mb contains both a and b we can use the standard counts on Ma and Mb ,
fixing respectively x and a and then x and b, and using Proposition 3.2 to
estimate |E(Ma)| and |E(Mb)|, to get at least (1(2 - 2))(2r&n2)+(1(2 - 2))
(2r&n2) relations in which x is with exactly one of a or b. Adding those in
which x is with no element of X&M yields a contradiction. If on the other
hand Ma , say, contains both a and b, then from Ma we produce at least
(1(4 - 2))(2r&n2) relations in which x is with a but not b, and from Mb
we produce at least (1(2 - 2))(2r&n2) in which x is with b. Again this
yields a contradiction.
Since n(M)=n&1 we have a relation R1 in E in which M is a class and
the elements of X&M occupy n&1 classes. By moving elements of M and
using the result of the preceding paragraph we see that every x # M occurs
in E with exactly one element cx of X&M. Since M is maximal moving all
the elements of M produces a relation R2 having n&1 nonempty classes in
which at least two are maximal classes consisting of an element of X&M
and some elements of M. If for some x the class Mx containing x and cx
has even cardinality then using the standard count on Mx , fixing x and cx ,
and using the induction hypothesis to estimate |E(Mx)|, we get at least
9
16 (2
r&n2) relations in which x is with cx , which yields a contradiction. So
we assume that every Mx has odd cardinality and |Mx |3. If |M|6 then
at least four elements of M are outside some Mx , and since x occurs with
all of these elements in M we have a contradiction to +2. So |M|=4 and
R2 has two classes Mx and My containing elements of M and n&3 non-
empty classes containing no elements of M. Using a vertical bar to separate
equivalence classes, Mx | My is a maximal configuration M*, and in
E(M*) no relation has more than n&3 nonempty classes. (If it did, then
in a relation inducing it and having Mx and My as classes, neither x nor
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y could be moved.) Since X&(Mx _ My) has odd cardinality we can use
the induction hypothesis to estimate |E(M*)|, and thus the standard count
on M* fixing x, cx , cy yields at least
23 }
9
4 - 2
(2r&6&(n&3)2)=
9
16
(2r&n2)
relations in which x is with cx . As above this yields a contradiction.
Lemma 4.4. Every E-maximal class M is proper and has an element that
occurs with an element of X&M in some relation in E.
Proof. If M were not proper we would obtain 2r&1 distinct relations in E,
and this is greater than (9(4 - 2))(2r&n2) since we are dealing with n4.
Now suppose no element of M ever occurs in E with an element of
X&M. Since |M| is odd, n(M)n&3. If n(M)n&4, then fixing one ele-
ment of M and using Proposition 3.2 to estimate |E(M)| we obtain at least
2(2r&n2) relations in E, a contradiction. So n(M)=n&3. Taking a relation
R in which the elements of X&M occupy n&3 classes, the relation that R
induces on these elements is a maximal configuration M$, and thus
(E1(M$), E2(M$)) is an (M, 3)-pair. For every relation M" in E(M$),
(E1(M"), E2(M")) is an (X&M, n&3)-pair so estimating |E(M$)| by the
induction hypothesis and each |E(M")| by Proposition 3.2 we have at least
(writing |M|=m)
9
4 - 2
(2m&(32)) } 2r&m&(n&3)2=
9
4 - 2
(2r&n2)
relations in E, a contradiction.
Lemma 4.5. +=2.
Proof. Suppose +<2. Let M be an E-maximal class and take x # M
such that x occurs with c  M in a relation in E. Let M$ be an E-maximal
class containing x and c.
Since +<2, M$=(M$ & M) _ [c], so |M$ & M| is even. Choose d  M
such that d occurs with c in some relation in E(M). Let M" be an E-maxi-
mal class containing c and d. No element of M can be in M" since +<2
and M" contains 2 elements of X&M. Thus no element of M$ & M is in
M" and the element c of M" occurs with all the elements of M$ & M in M$.
Since +<2, we deduce |M$ & M|=1. This contradicts the fact that
|M$ & M| is even.
We can now fix a maximal class M, an element x # M, and a maximal
class M$ containing x and two elements a and b not in M. We have
241MODEL THEORY OF WREATH PRODUCTS
M$=(M & M$) _ [a, b] since +=2. M$ cannot contain all of M, and M$
cannot omit 3 elements of M since +=2. If M$ omits only one element of
M then since |M| is odd, |M$| is even, a contradiction. So M$ omits exactly
two elements c and d of M, and M=(M & M$) _ [c, d ].
We now start counting relations by considering which of a, b the element
x is with. First suppose n is odd. Using Proposition 3.2 to estimate |E(M)|
we obtain at least (1- 2)(2r&n2) relations in which x is with neither a nor b.
Next take a maximal configuration M1 in which x and a are in one class
and b is in another. Fixing x, a, and b and using Propositions 3.2 and 3.3
to estimate |E(M1)| we obtain, regardless of the value of n(M1), at least
(writing |YM1 |=m1)
2m1&3 }
3
2 - 2
(2r&m1&(n&2)2)=
3
8 - 2
(2r&n2)
relations in which x is with a but not b. We get the same estimate with the
roles of a and b reversed, and to count relations in which x is with both
a and b we estimate |E(M$)| by Proposition 3.2 and get at least
(1(4 - 2))(2r&n2) relations.
For ease of exposition we express the results of the preceding paragraph
by saying that we have an odd-count of [1, 38 ,
3
8 ,
1
4], where we list the coef-
ficients on (1- 2)(2r&n2) resulting from the above counts, the second
coordinate representing relations in which x is with a but not b. Our goal
is to obtain a contradiction by raising the sum of the coordinates in the
odd-count to 94 .
If on the other hand n is even, then by Propositions 3.2 and 3.3 the
counts of relations in which x is with neither or both of a, b are multiplied
by 3(2 - 2), and the other two counts give 14 (2r&n2), so we have an even-
count of [ 34 ,
1
4 ,
1
4 ,
3
16], where the coordinates now represent coefficients on
2r&n2 and our goal will be to raise the sum of the coordinates to 2616 , which
is larger than 9(4 - 2).
Lemma 4.6. We have n(M)=n&1 and n(M$)=n&1.
Proof. If n(M)<n&1 then if n is odd we check that the first coordinate
in the odd-count can be raised to 32 , while if n is even the first coordinate
in the even-count can be raised to 1. In either case this yields the desired
contradiction.
By interchanging the roles of a, b with those of c, d we then obtain
n(M$)=n&1.
Lemma 4.7. There is no relation in E in which x occurs with an element
z  M _ M$.
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Proof. If there is such a relation let M1 be a maximal class containing
x and z. Since +=2, M1 contains at most one of a, b. Thus using the
standard count on M1 fixing x and z and moving the element in
M1 & [a, b] if there is one, we count relations in which x is with z but
neither a nor b. The count is one-fourth of our count of relations in which
x is with neither a nor b (nor z), and this increases our total count by
(1(4 - 2))(2r&n2) if n is odd and by 316 (2r&n2) if n is even. In either case
this yields the desired contradiction.
Lemma 4.8. There is no relation in E in which an element of M & M$
occurs with an element z  M _ M$.
Proof. The same reasoning used for x applies to any x$ # M & M$, since
x$ also occurs with a and b in M$.
Lemma 4.9. |M & M$|=1.
Proof. We first claim that one of a, b, c, or d must occur in some rela-
tion in E with an element of the set Z=X&(M _ M$). For if not then by
Lemma 4.8 no element of M _ M$ ever occurs with an element of Z. By
Lemma 4.6 we have a relation R in which M is one class and X&M
occupies n&1 classes. The elements of Z must occupy at least n&3 classes
in R; they cannot occupy n&1 by movability of elements of M and they
cannot occupy n&2 since |M| is odd. They therefore occupy n&3 classes
and constitute a maximal configuration. We now obtain a contradiction as
in the proof of Lemma 4.4.
So we can assume that some z # Z occurs with, say, b. Taking a maximal
class N containing z and b, N can contain none of M & M$, but b occurs
with all of M & M$ in M$ so |M & M$|2. Since |M| is odd and M=
(M & M$) _ [c, d ] this forces |M & M$|=1.
So each of M, M$ is a maximal class containing 3 elements. We will call
the pair (M, M$) suitable if [a, b] occurs as a maximal class in E(M). Our
final contradiction for the case +2 will stem from the fact that if (M, M$)
is suitable then each member of [a, b] occurs with a member of [c, d ] in
some relation in E.
Lemma 4.10. If (M, M$) is suitable and z # Z=X&(M _ M$) then no
relation in E has a class containing all three of a, b, and z.
Proof. If such a relation does exist let M1 be an E-maximal class con-
taining a, b, z. Since x cannot be in M1 by Lemma 4.7, when we take the
standard count on M1 fixing a, b, z we count relations in which x is with
neither a nor b and a, b, z are together. No such relations were included
when we counted relations with x apart from a and b by using E(M),
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because [a, b] is maximal in E(M). Thus we have a contradiction if the
standard count on M1 fixing a, b, z yields (1(4 - 2))(2r&n2) relations when
n is odd, and 316 (2
r&n2) relations when n is even. But, writing |M1 |=m1 ,
the count is by Proposition 3.2 at least
2m1&3 } 2r&m1&(n&1)2=
1
4 - 2
(2r&n2)
when n is odd; and when n is even we can by Proposition 3.3 multiply this
result by 3(2 - 2).
For the remainder of this paper we adopt the convention of indicating
equivalence relations by using vertical bars to separate classes and omitting
commas between elements when listing the elements of a class.
Lemma 4.11. Assume (M, M$) is suitable. If b (respectively a) occurs
with z # Z in some relation in E then it does so in some relation in E(M).
Proof. By assumption we have a relation in E inducing x | bz, because
x cannot occur with z. By Lemma 4.10, a cannot be with bz, so when we
move a if necessary to separate it from x we obtain a relation inducing
x | a | bz. Let M2 be a maximal configuration in E inducing x | a | bz. The
standard count on M2 fixing x, a, b, z yields at least (writing |YM2 |=m2)
2m2&4 } 2r&m2&(n&3)2=
1
4 - 2
(2r&n2) relations if n is odd,
and using Proposition 3.3, 3(2 - 2) times this estimate if n is even. If b
does not occur with z in E(M) then these relations were not included in
our original count of relations in which x is apart from a and b, and we
have a contradiction.
Lemma 4.12. If (M, M$) is suitable then b (likewise a) cannot occur in E
with each of two elements z1 , z2 of Z.
Proof. If b occurs with each of z1 , z2 in E then it occurs with each of
them in E(M). Let N denote the E(M)-maximal class [a, b].
If b occurs with z1 , z2 together in E(M) then using N we can proceed as
in the determination of the odd-count and even-count above, writing
r$=|X&M| and n$=n&1, to obtain for odd n ( 34+
1
4+
1
4+
3
16) 2
r$&(n$2) and
for even n (1+ 38+
3
8+
1
4)(1- 2)(2r$&(n$2)) relations in E(M). (Note that
n&1 is even if and only if n is odd.) Counting relations in which x is with
neither a nor b by using the standard count on M fixing x we then get
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(23(16 - 2))(2r&n2) if n is odd and 2r&n2 if n is even. This increases the
first coordinate of the odd-count by 716 or the first coordinate of the even-
count by 14 , yielding a contradiction in either case.
If b never occurs with z1 , z2 together in E(M) then our counts of rela-
tions in E(M) in which b is with at least one of z1 , z2 become
( 38+
3
8)(2
r$&(n$2)) for odd n and ( 12+
1
2)(1- 2)(2r$&(n$2)) for even n, so the
results are at least as large as in the preceding case and again yield a con-
tradiction.
Lemma 4.13. If (M, M$) is suitable then each element of [a, b] occurs in
E with an element of [c, d ].
Proof. Suppose for example that b never occurs with c or d in the rela-
tions of E. Since n(M$)=n&1 this means that b occurs with some z1 # Z
in some relation in E. The set [b, z1] cannot be maximal in E because its
cardinality is even. In enlarging it to an E-maximal class we cannot add a
or x, by Lemmas 4.10 and 4.7. We cannot add c or d by assumption. So
we must add z2 # Z, contradicting Lemma 4.12.
We can now obtain the contradiction that completes the proof of
Proposition 4.1 in the case +2. Let P denote one of the configurations
xa | b or xb | a. Call P deficient if E contains fewer than (1(2 - 2))(2r&n2)
relations inducing P if n is odd and fewer than 38 (2
r&n2) if n is even. It is
clear (without assuming (M, M$) is suitable) that we have a contradiction
if neither xa | b nor xb | a is deficient.
So say xa | b is deficient. Then in any relation inducing xa | b, no ele-
ment of X&[x, a, b] can be in the class containing x and a, for if it were
we would obtain a maximal class containing x and a but not b, and from
this we would obtain (1(2 - 2))(2r&n2) relations inducing xa | b if n is odd
and 38 (2
r&n2) if n is even. On the other hand, since n(M$)=n&1 we have
a relation inducing xa | bt1 for some t1 # X&[x, a, b]. If this were a maxi-
mal configuration N then we would obtain, fixing x, a, b and applying the
induction hypothesis for 4.1 to estimate |E(N)|,
2 }
9
4 - 2
} 2r&4&(n&2)2=
9
16 - 2
(2r&n2)
relations inducing xa | b, which is impossible since 9(16 - 2) is greater
than both 1(2 - 2) and 38 .
So we have a relation inducing xa | bt1 t2 . The set M*=[b, t1 , t2] is
maximal, for if not then since +=2 the only elements we could add to it
to produce a maximal class would be x and a, and we would have to add
them both to keep the cardinality odd. But then we would contradict the
maximality of M$=[x, a, b]. It follows from what we have said that [x, a]
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is a maximal class in E(M*), so the pair (M*, M$) is suitable, and further-
more for the E-maximal configuration M1=xa | bt1 t2 we have n(M1)=
n&2. For if n(M1)n&3 then estimating |E(M1)| by using Proposition 3.2
if n is odd and Proposition 3.3 if n is even, and fixing x, a, b, we get at least
22 } 2r&5&(n&3)2=(1(2 - 2))(2r&n2) relations inducing xa | b if n is odd,
and 3(2 - 2) times this number if n is even.
Replacing x, c, d, a, b by b, t1 , t2 , x, a, respectively, we now have
Lemma 4.14. For a certain choice of M=[x, c, d ] and M$=[x, a, b],
(M, M$) is suitable, xcd | ab is a maximal configuration E, and n(E)=n&2.
Starting with such a choice we repeat the foregoing arguments to deduce
that we have, without loss of generality, a maximal set M*=[b, t1 , t2] for
which (M*, M$) is suitable. By Lemma 4.7, with b in place of x, the only
elements of X that b occurs with in E are x, a, t1 , t2 . But since (M, M$) is
suitable, Lemma 4.13 tells us that b occurs with one of c or d, and since
n(E)=n&2, b occurs with some z  [x, a, c, d ]. Without loss of generality
we may thus write M*=[b, c, z], z  [x, a, b, c, d ]. Since (M*, M$) is
suitable, Lemma 4.13 tells us that a occurs in E with one of c or z.
By Lemma 4.7, with c in place of x and using the maximal classes M and
M*, the only elements c occurs with in E are x, d, b, z. Thus a does not
occur with c. So a occurs with z. Since (M, M$) is suitable Lemma 4.12 tells
us that each of a, b occurs in E with no element of X&[a, b, c, d ] other
than z. Since n(E)=n&2 we have a relation in E inducing E in which the
elements of X&[x, c, d, a, b] occupy n&2 classes. When we move a and
b in such a relation they must join z, but this contradicts the fact that
[a, b] is maximal in E(M).
The Case +(E)3. In this case we have an E-maximal class M, x # M,
and an E-maximal class M$ containing x and 3 elements a, b, c not in M.
We deal first with the case where n is odd.
We count relations in which x is with none of a, b, c by using Proposi-
tion 3.2 on E(M) and fixing x. We get at least (1- 2)(2r&n2) relations.
To count relations in which x is with just two of a, b, c, say a and b, let
M1 be an E-maximal configuration inducing xab | c. Applying Proposition 3.3
to E(M1) and fixing x, a, b, c we get at least (3(16 - 2))(2r&n2) relations.
(If M1 is not proper we get 2r&4 relations, and for n3 this is at least
(3(16 - 2))(2r&n2).)
To count relations in which x is with, say, a but not b or c we take an
E-maximal configuration inducing xa | bc or xa | b | c. In the former situa-
tion we get the same count as in the preceding paragraph, while in the
latter we get at least (1(4 - 2))(2r&n2) relations.
Finally, using M$ and fixing x, a, b, c we get at least (1(8 - 2))(2r&n2)
relations in which x is with all of a, b, c.
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The total is thus at least
\1+3 \ 316++3 \
3
16++
1
8+
1
- 2
(2r&n2)=
9
4 - 2
(2r&n2)
so we are done if n is odd.
If n is even then the first and last terms in the total are multiplied by
3(2 - 2) (using Proposition 3.3), and each term corresponding to relations
in which x is with some but not all of a, b, c becomes 18 (2
r&n2), or
3
16 (2
r&n2) if x, a, b, c occupy three classes. (If any of the maximal con-
figurations used is not proper the count 2r&4 is at least 18 (2
r&n2) for n2.)
So the total is at least ( 34+
3
8+
3
8+
3
32)(2
r&n2)= 5132 (2
r&n2)>(9(4 - 2))
(2r&n2) ( just barely)!
5. THEOREMS IV(B) AND IV(C)
Our objective is to prove
Proposition 5.1. Let (E1 , E2) be an (X, n)-pair, where |X|=r is odd and
n4 is even. Then the number of distinct relations in E=E1 _ E2 is at least
27
16 (2
r&n2). If n=6 and r11 the number is at least 74 (2
r&n2).
We will proceed by induction on even n4, the case n=4 following
from Lemma 5.2 below. For the induction step we assume the desired
result is false and seek a contradiction. In some arguments we are able to
achieve a contradiction by producing 74 (2
r&n2) relations regardless of
whether n is 6 or larger, but in others the case n=6, r11 must be
handled separately. When it is necessary to distinguish the general case
from the case n=6, r11, we shall do so by referring to ‘‘Case IV(B)’’ or
‘‘Case IV(C).’’
Lemma 5.2. If (E1 , E2) is an (X, n)-pair, where |X|=r, and \(r, n)
denotes the ratio of the number of distinct relations in E=E1 _ E2 to 2r&n2,
then:
(i) for odd r5, \(r, 4) 74
(ii) for even r4, \(r, 3)(3(2 - 2)), and for even r6, \(r, 3)
25(8 - 2); for odd r3, \(r, 3)9(4 - 2), and for odd r7, \(r, 3)
45(16 - 2).
Proof. For r=n=3 the number of distinct relations in E is 5, and in
all other cases the results of [2, 3] reported in the Introduction represent
the minimal number of distinct relations in E.
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Suppose now that E is a counterexample to 5.1. We again proceed by
considering the value of +(E), and we begin with some observations about
the situation where +(E)2.
We fix an E-maximal class M, x # M, and a set S of + elements not in
M such that [x] _ S occurs in one class of some relation in E. For any
E-maximal class M$ containing [x] _ S, the standard counts on M and M$
fixing respectively x and [x] _ S give us 34 (2
r&n2) and 3(2&2&+)(2r&n2)
relations in which x occurs with none or all of the members of S. We refer
to the coefficients 34 and 3(2
&2&+) in these numbers as the first and last
coefficients of the basic count on M, x, and S; the middle coefficients
correspond to relations in which x occurs with nontrivial proper subsets
S$S. For any such S$, we take a maximal configuration inducing a parti-
tion of [x] _ S in which x is with the elements of S$ and no other elements
of S. If the elements of S&S$ are all in one class we obtain at least
2&+(2r&n2) relations, while if S&S$ is partitioned into at least two classes
then by Proposition 3.3 this number is multiplied by at least 32 . In any case,
using all 2+&2 possibilities for S$ the sum of the coefficients in the basic
count is at least 74&5(2
&2&+). Thus:
Lemma 5.3. (i) Raising the sum of the coefficients in the basic count by
5(2&2&+) will yield a contradiction.
(ii) (Case IV(B)) If +5 we have a contradiction. If + is respectively
4, 3, or 2 then raising the sum of the coefficients in the basic count by respec-
tively 164 ,
3
32 , or
1
4 will yield a contradiction.
We shall denote the first coefficient and the sum of the coefficients in the
basic count by _1(M, x, S) and _(M, x, S), respectively (or just _1 and _ if
the rest is clear from context).
Lemma 5.4. (i) (+2) There is no relation in E in which x occurs with
an element u  M _ S.
(ii) (+=2) If y # M then there do not exist three elements v1 , v2 , v3 in
X&M such that y occurs with each vi in E.
Proof. (i) Suppose xu occurs in an E-maximal class M$. By definition
of +, M$ cannot contain all of S.
Case 1 (M$ Contains Exactly k Elements of S, where k+&2). Then
fixing x and u and moving these k elements of S we get at least (writing
|M$|=m$)
2m$&(k+2) }
3
2 - 2
(2r&m$&(n&1)2)=
3
2
(2&(k+2))(2r&n2)6(2&2&+)(2r&n2)
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relations in which x is with u but with none of S, and this increases _1 by
6(2&2&+), yielding a contradiction.
Case 2 (M$ Contains Exactly +&1 Elements of S ). Then as in Case 1
we can increase _1 by 3(2&2&+). If S$ denotes M$ & S we can also increase
the coefficient corresponding to S$ in the basic count by fixing x and S$
and getting at least
2m$&+ }
3
2 - 2
(2r&m$&(n&1)2)=6(2&2&+)(2r&n2)
relations. This increases the original coefficient 2&+ corresponding to S$ by
2(2&2&+), so _ has been increased by 5(2&2&+), a contradiction.
(ii) Suppose y occurs with each of v1 , v2 , v3 in E. If y occurs with two
of v1 , v2 , v3 at once this contradicts part (i). If y occurs with the vi ’s only
one at a time then for each vi we can take a maximal class containing y and
vi and fix y and vi to obtain 38 (2
r&n2) relations in which y is with vi but
no other vj . Since M yields 34 (2
r&n2) in which y is with none of v1 , v2 , v3 ,
we have a contradiction.
Lemma 5.5 (+2). (i) |M| is odd.
(ii) Let M0 be an E(M)-maximal class. Then M0 is proper in E(M),
and |M0 | is even.
(iii) (Assume +3 in Case IV(C).) If x0 # M0 then x0 occurs in E(M)
with at most one element of X&(M _ M0).
(iv) (Assume +3 in Case IV(C).) If x0 # M0 occurs in E(M) with an
element of X&(M _ M0) then |M0 |=2.
(v) (Assume +3 in Case IV(C).) If |M0 |=2 then there is no
z # X&(M _ M0) such that each element of M0 occurs in E(M) with z.
Proof. (i) If |M| were even then by Proposition 4.1, _1 would increase
to at least 98 , yielding a contradiction.
(ii) If M0 is not proper then fixing one element in M and one in M0
we obtain 2r&2 relations in E, and this is at least 2(2r&n2) since n6. So
M0 is proper.
Consider n(M0) in E(M). Write n$=n&1. If |M0 | is odd and n(M0)
n$&2 then in E(M) the standard count on M0 fixing one element, using (i)
and Proposition 4.1 to estimate |E(M0)|, yields at least (9(4 - 2))(2r$&n$2)
relations in E(M), where r$=|X&M|. If |M0 | is odd and n(M0)=n$&1
then by the induction hypothesis of Proposition 5.1 we get at least
27
16 (1- 2)(2r$&n$2) relations in which a fixed element x0 # M0 occurs with
no elements of X&(M _ M0), and at least (1(2 - 2))(2r$&n$2) in which x0
249MODEL THEORY OF WREATH PRODUCTS
occurs with an element of X&(M _ M0). So if |M0 | is odd then these
estimates on |E(M)| show that the number of relations in E in which x is
with no element of S is at least 98 (2
r&n2) if n(M0)n$&2 and at least
35
32 (2
r&n2) if n(M0)=n$&1. This increases _1 by either 38 or
11
32 , and yields
a contradiction.
(iii) The proof of Lemma 4.12 shows that if x0 were to occur in
E(M) with two elements z1 , z2 of X&(M _ M0) then _1 would increase
from 34 to 1.
(iv) Suppose M$0 is an E(M)-maximal class containing both x0 and
z # X&(M _ M0). By part (iii) applied to both M0 and M$0 , M$0=
(M0 & M$0) _ [z] and M0=(M0 & M$0) _ [t] for some t, and no member
of M0 & M$0 occurs in E(M) with elements of W=X&(M _ M0 _ M$0).
Writing n$=n&1 we must have n(M0)=n$&1 in E(M), for if
n(M0)n$&2 then the standard count on M0 fixing x0 , using Proposition
3.3 on |E(M0)|, yields (3(2 - 2))(2r$&n$2) relations in E(M), while the
standard count on M$0 fixing x0 and z yields (1(2 - 2))(2r$&n$2), and thus
_1(M, x, S) is increased to 1, a contradiction.
If neither z nor t occurs in E(M) with an element of W we thus have a
relation in E(M) in which M0 is one class, [z] is another, and the elements
of W occupy n$&2 classes. But this contradicts the movability of the odd
number of elements in M0 _ [z], so either z or t occurs in E(M) with an
element w of W.
Taking an E(M)-maximal class N containing w and, without loss of
generality, z, we see that since N contains none of M0 & M$0 and z occurs
in E(M) with every element of M0 & M$0 , |M0 & M$0 |=1 by part (iii). So
|M0 |=2.
(v) If there is such a z then by part (iii) each element of M0 occurs
in E(M) only with z and the other element of M0 . Taking a relation in
E(M) with a minimal number of nonempty classes subject to the condition
that a chosen element of M0 occur with z, we see that M0 _ [z] is in one
class, contradicting the fact that M0 is E(M)-maximal.
We now focus on the case +(E)2. In this case we are able to follow the
outline of the argument in Section 4, up through Lemma 4.9.
The Case +(E)2.
Lemma 5.6. Every E-maximal class has odd cardinality.
Proof. In this argument M denotes an arbitrary E-maximal class, for
ease of reference to the proof of Lemma 4.3. We indicate the changes
required in that proof.
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Assuming that |M| is even, we note that if n(M)n&3 then
|E| 94 (2
r&n2) by Proposition 4.1. If n(M)=n&2 then by the induction
hypothesis for 5.1, |E| 2716 (2
r&n2), and if n=6 we have |E| 74 (2
r&n2) by
Lemma 5.2 (i). So we conclude that n(M)=n&1.
For any x # M we thus have, by Proposition 4.1, 98 (2
r&n2) relations in
which x occurs with no elements of X&M. We claim that there cannot be
two elements a and b in X&M such that x occurs with each of a and b
in E. For if there are and xab occurs in E then for the basic count on
M, x, and [a, b] we have _1 98 so _
29
16 , a contradiction. If xab does
not occur in E then we argue as in 4.3, using Proposition 3.3 now, to get
3
8 (2
r&n2)+ 38 (2
r&n2) relations in which x is with exactly one of a or b.
Adding those in which x is with no element of X&M yields a contra-
diction.
As in the proof of 4.3 we obtain a relation R2 in which each x # M occurs
in a maximal class Mx that contains the unique cx # X&M with which x
occurs in E. Since +2 and |M| is even there must be exactly two such
classes Mx and My . The argument for 4.3 shows that Mx and My must
have odd cardinality in Case IV(B), by producing 2716 (2
r&n2) relations if
|Mx | or |My | is even. For Case IV(C) the only way |Mx | or |My | could
be even, since +2, is if Mx=[x, cx] and My=[ y, cy]. For the E-maxi-
mal configuration M*=Mx | My we argue as in 4.3 that n(M*)=n&3,
and since for Case IV(C) we have n&3=3 and r&47, Lemma 5.2(ii)
yields |E(M*)|(45(16 - 2))(2r&4&(n&3)2). So, fixing x, cx , and y we
obtain at least 4564 (2
r&n2) relations in which x is with cx , making the total
at least ( 98+
45
64)(2
r&n2), a contradiction.
So |Mx | and |My | are odd in any case, and since +2, |Mx |=|My |=3.
The argument for 4.3, as written, now yields a contradiction for Case
IV(B). It also yields a contradiction for Case IV(C) if r&67 because
using Lemma 5.2(ii) it then yields, as above, at least 4564 (2
r&n2) relations in
which x is with cx . We must still produce a contradiction for Case IV(C)
when r=11.
In this case write M=[u, v, x, y] where cu=cx and cv=cy , and write
X&(M _ [cx , cy])=W. For the purposes of this argument, call a relation
split if it induces uv | x | y. In any split relation the elements of W are con-
fined to the three classes not containing elements of M. We claim that no
split relation places cy with two elements of W. For if it does then +=2 so
cx cannot be with cy , and thus if we move cx away from x if necessary we
can then move elements of W so that either cx or cy is with three elements
of W, contradicting +=2. By the same reasoning, no split relation places
cx with two elements of W.
If we take a split relation that partitions W as w1 | w2 w3 | w4 w5 and
move cx and cy away from x and y we thus obtain a relation
uv | x | y | cx cyw1 | w2w3 | w4w5 . Thus +=2 and by Lemma 5.4 cy occurs
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in E with no elements other than v, y, cx , w1 . When we now move cx and
then w4 and w5 we obtain by the preceding paragraph the relation
R3=uv | xcx | y | cy w1 | w2w3w4 w5 .
We assert that we have in E the relation R4=uv | xcx | ycy | W | < | <.
For consider what happens when we move cy in R3 . If cy joins y then when
we move w1 we get R4 . The only other possibility is that we get uv | xcx |
y | w1 | w2w3w4 w5 | cy , since cy can join none of w2 , ..., w5 , but then when
we move w2 , ..., w5 and then cy we obtain R4 .
When we move u in R4 it must join cx , for if u joined one of the empty
classes then the odd number of elements in W would be confined to two
classes. When we then move v we obtain an M*-relation (i.e. a relation
inducing M*) having W as a class. We may choose a, b, c in W that occur
in three separate classes in some M*-relation, and then we have M*-rela-
tions inducing all five partitions of [a, b, c]. For each of these five (includ-
ing that in which a, b, c are together) we get four M*-relations by moving
the other two elements of W, and so fixing x, cx , and y we get 8 } 20=
10
16 (2
11&62) relations in which x is with cx . Together with the 98 (2
11&62) in
which it is not this yields a contradiction.
Lemma 5.7. Every E-maximal class M is proper and has an element that
occurs with an element of X&M in some relation in E.
Proof. If M were not proper we would obtain 2r&1 distinct relations
in E, and this is greater than 74 (2
r&n2) whenever n4.
The proof of the second statement proceeds exactly as in the proof of
Lemma 4.4, noting that in the displayed equation in the proof of 4.4 the
second factor on the left side can now be multiplied by 3(2 - 2), using
Proposition 3.3. This completes the proof for Case IV(B).
For Case IV(C) we have n=6, so, in the notation of 4.4, E(M$) is an
(M, 3)-pair and each E(M") is an (X&M, 3)-pair. If m7 then by Lemma
5.2 the first factor in the displayed equation becomes (45(16 - 2))(2m&32),
so the result is 13564 (2
r&n2). If m5 then since r11, |X&M|6, so by
Lemma 5.2 the displayed equation becomes
9
4 - 2
(2m&32) }
25
8 - 2
(2r&m&(n&3)2)=
225
64
(2r&n2),
a contradiction in either case.
Lemma 5.8. +=2.
Proof. This is as in Lemma 4.5.
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We now fix a maximal class M, an element x # M, and a maximal class
M$ containing x and two elements a and b not in M. As in Section 4, M$
omits exactly two elements c and d of M, and we have M=(M & M$) _
[c, d ] and M$=(M & M$) _ [a, b].
Lemma 5.9. n(M)=n&1=n(M$) in Case IV(B), and at least one of
n(M) or n(M$) is n&1 in Case IV(C).
Proof. Consider the basic count on M, x, and [a, b]. If n(M)<n&1
the first coefficient increases by 14 , and if n(M$)<n&1 the last coefficient
increases by 116 . This proves our claim for Case IV(C). In Case IV(B) it
proves that n(M)=n&1, and then by considering the basic count on M$,
x, and [c, d ] we obtain n(M$)=n&1.
Lemma 5.10. |M & M$|=1.
Proof. We argue as in the proof of Lemma 4.9, using 5.4 in place of 4.8
to guarantee that x does not occur with any element of Z. For Case IV(C)
we temporarily interchange M and M$ if necessary so that we may assume
n(M)=n&1.
We call the pair (M, M$) excellent if (M, M$) is suitable and for the
maximal configuration E=xcd | ab, n(E)=n&2. Note that if (M, M$) is
excellent then n(M)=n(M$)=n&1 because if we take a relation in E(E)
in which the elements of X&(M _ M$) occupy n&2 classes and move x,
x can only join ab.
The discussion preceding Lemma 4.14 shows:
Lemma 5.11. If n(M$)=n&1 and the configuration xb | a is deficient
then there are v1 , v2 in X&[x, b] such that with M*=[a, v1 , v2],
(M*, M$) is excellent.
To conclude our argument for the case +(E)2 it will suffice to establish
the following two claims:
Claim I. If (M, M$) is excellent then each of a, b occurs in E with a
member of [c, d ].
Claim II. If n(M$)=n&1 then either there are v1 , v2  [x, a] such that
([b, v1 , v2], M$) is excellent, or there are v1 , v2  [x, b] such that
([a, v1 , v2], M$) is excellent.
For once these claims are established we can use Lemma 5.9 and Claim
II to get an excellent pair (M, M$), and then we can apply Claim II again
to conclude that, say, there exist v1 , v2 in X&[x, a] such that
([b, v1 , v2], M$) is excellent. We can then argue as we did following the
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statement of Lemma 4.14 to obtain a contradiction, using Lemma 5.4 in
place of 4.7 and again in place of 4.12 to guarantee that each of a and b
occurs in E with only one z  M _ M$.
To begin the proof of Claim I, we assume for a contradiction that:
(M, M$) is excellent and a occurs with no element of [c, d ] in E. (V)
Lemma 5.12. If (V) holds then for every z # Z=X&[x, a, b, c, d ], abz
does not occur in E, i.e. no relation in E has a class containing all three of
a, b, z.
Proof. If abz occurs in E then as in the proof of Lemma 4.10 we obtain
3
16 (2
r&n2) relations in which x is with neither a nor b and a, b, z are
together. This increases the first coefficient in the basic count on M, x, and
[a, b] by 316 , and it follows that the configuration xb | a must be deficient,
lest the coefficient corresponding to [b] increase by 18 . So by Lemma 5.11
and (V) there are v1 , v2 # Z such that av1v2 occurs in E. Since (M, M$) is
suitable, a cannot occur in E(M) with each of v1 , v2 for if it did then, as
in the proof of 4.12, the basic count of relations in which x is with neither
a nor b and a, b, z are not together would increase by 14 (2
r&n2). Say av2
does not occur in E(M).
Starting with a relation in E in which a and v2 are together we may
move b and x if necessary to obtain one inducing x | b | av2 . From a maxi-
mal configuration inducing x | b | av2 we obtain 316 (2
r&n2) relations in
which x is with neither a nor b, a is with v2 , and a, b are apart. We now
have enough relations to increase _1(M, x, [a, b]) by 38 .
Lemma 5.13. Assume (V). Then there exist a$, a" in Z such that
[a, a$, a"] occurs as a maximal class in E, and a occurs with a$ but not with
a" in E(M). E contains at least 316 (2
r&n2) relations in which x is with neither
a nor b and a, a" are together. In Case IVC, E contains at least 14 (2
r&n2)
such relations.
Proof. Since (M, M$) is excellent, a occurs in E(M) with an element
a$ # Z. When we extend [a, a$] to an E-maximal class we cannot add x, b, c
or d by (V) and Lemmas 5.4 and 5.12. So we must add some a" # Z, and
[a, a$, a"] is E-maximal since +=2. If aa" occurs in E(M) then _1(M, x,
[a, b])1. Using a maximal configuration inducing aa$a" | b | x and fixing
the five elements indicated we get 332 (2
r&n2) relations in which x is with
neither a nor b; if aa$a" does not occur in E(M) this yields a contradiction
since _11. But aa$a" does not occur in E(M) because E(M)-maximal
classes have even cardinality.
To produce relations in which x is with neither a nor b and a, a" are
together we use 5.4 and 5.12 to get an E-maximal configuration N inducing
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x | b | aa". We fix the four indicated elements and obtain at least 316 (2
r&n2)
relations. When n=6 and r11 we can do better by considering the value
of n(N). Write |YN |=m.
If n(N)=2 we get at least 2m&4 } 2r&m&22= 14 (2
r&62) relations.
Suppose n(N)=3. We assert that m7. First, N could place at most c
and d with x, but not both because aa" does not occur in E(M). N places
at most two elements with b and at most one (namely a$) with aa" since
+=2 and we have Lemma 5.4. So if m8 then, in N, c or d is with x, a$
is with aa", and two elements are with b. But then if we take a relation R
in E(N) in which X&YN occupies three classes, we cannot move a, by (V)
and 5.4.
So m7, and since r11 we thus have |X&YN |4.
Suppose |X&YN |=4 and m=7. Choose R in E(N) in which X&YN
occupies three classes and such that if a$ # X&YN then a$ is not alone in
R. We then see that x is alone in N, for otherwise we cannot move a in R,
by 5.12, (V), and 5.4. Thus a$ is with aa" in N and b is with two elements,
one of which must be in Z by 5.4 and the fact that b occurs in E with an
element of Z since (M, M$) is excellent. Thus when we take any relation R1
in E(N) and move x to a nonempty class, the elements x joins must be in
[c, d ]. If we choose R1 so that no element of X&YN is alone we thus
obtain a class [x, c, d ], which is impossible since aa" does not occur in
E(M).
So in fact |X&YN |5. If |X&YN | is even then using Lemma 5.2(ii) we
get from N, fixing x, b, a, a", at least 2m&4 } (25(8 - 2))(2r&m&(n&3)2)=
25
64 (2
r&n2) relations. If |X&YN | is odd the factor 25(8 - 2) is replaced by
9(4 - 2) and we get 932 (2r&n2) relations.
It follows from the last two statements in 5.13 that the configuration
xb | a must be deficient, and thus by 5.11 there is a relation in E in which
xb and aa$a" are classes and the elements of [c, d ] _ T occupy n&2 non-
empty classes, where T=Z&[a$, a"]. Thus by moving a$ we see that a$
occurs in E with an element of [c, d ] _ T. We will reach the contradiction
we seek by showing that a$ does not occur in E with any element of
[c, d ] _ T. The following preliminary result will be helpful.
Lemma 5.14. Suppose [q1 , q2 , q3] is a 3-element maximal class in E.
Then no relation in E has a class of cardinality greater than or equal to 4
containing any qi .
Proof. If there is such a class we can extend it to a maximal class C of
cardinality at least 5, at most two elements of which can be outside
[q1 , q2 , q3], because +(E)=2. Thus [q1 , q2 , q3]C, contradicting the
maximality of [q1 , q2 , q3].
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The next result is our main tool for getting around the fact that Lemma
4.11 is not available to us in the present context.
Lemma 5.15. Assume (V). Suppose t # T and u  M=[x, c, d ]. Then if tu
occurs in E, tu occurs in E(M).
Proof. We show that if the claim fails then _1(M, x, [a, b]) can be
increased by 116 , beyond the increase of
3
16 or
1
4 afforded by Lemma 5.13.
We consider the possibilities for u. Note that u{a since a occurs in E
with no elements outside [x, b, a$, a"].
If u=b then we obtain a relation inducing x | a | tb. We move a" away
from a and take a maximal configuration inducing the resulting configura-
tion on A=[x, a, t, b, a"]. Using the standard count, fixing A, we count
relations in which x is with neither a nor b, a is not with a", and t is with b.
We obtain at least 332 (2
r&n2) relations if the elements of A are distributed
among three classes, and at least 18 (2
r&n2) if they are distributed among
four. If tb does not occur in E(M) we have a contradiction.
If u=a" we obtain a relation inducing x | a | ta" and we move b away
from x. We then argue as in the preceding case.
If u is a$ or any element z # T we obtain a relation inducing x | a | tu and
move b away from x. If we get a relation inducing x | ab | tu then a" cannot
be with x or with ab (by Lemmas 5.4 and 5.12), so moving a" if necessary
we get the elements of B=[x, a, b, t, u, a"] distributed among four classes.
Then arguing as before we get at least 116 (2
r&n2) relations in which x is
with neither a nor b, a and a" are apart, and t is with u.
If moving b above produces x | a | btu then a" cannot be with x or with
btu (by Lemmas 5.4 and 5.14), so moving a" away from a we proceed as
in the preceding paragraph.
If moving b produces x | a | tu | b then moving a" away from a we have
the elements of B distributed among four or five classes and thus get either
1
16 (2
r&n2) or 332 (2
r&n2) relations to provide a contradiction.
In all the above cases we have considered the situation where the maxi-
mal configurations involved are proper. If they are not then we get at least
2r&6 relations in every case, and this is at least 116 (2
r&n2).
We will use Lemma 5.15 in conjunction with some additional informa-
tion about E(M).
Lemma 5.16. Assume (V). Then for our maximal class M and any
E(M)-maximal class M0 , the conclusions of parts (iii)(v) of Lemma 5.5
hold for +=2 in Case IV(C).
Proof. (iii) If the result fails then _11. In addition, Lemma 5.13
yields 316 (2
r&n2) relations not included in the basic count.
256 DAN SARACINO
(iv) We indicate the changes needed in the proof of 5.5(iv).
In the second paragraph we weaken our assertion to the claim that either
n(M0)=n$&1 or n(M$0)=n$&1. If this weakened assertion were to fail we
would get from M$0 (3(4 - 2))(2r$&n$2) relations, so |E(M)|(9(4 - 2))
(2r$&n$2) and thus _1 98 , a contradiction.
In the third paragraph we then use M$0 in place of M0 if necessary. The
rest of the proof can be used as written.
(v) The proof for 5.5(v) can be used as written.
Lemma 5.17. Assume (V).
(i) Every E(M)-maximal class has exactly 2 elements.
(ii) There do not exist w1 , w2 , w3 in X&M such that w1 w2 , w1 w3 and
w2w3 all occur in E(M).
(iii) a$a" occurs in E(M).
Proof. (i) Suppose an E(M)-maximal class M0 has even cardinality
|M0 |4 and extend M0 to an E-maximal class M +0 of odd cardinality
|M +0 |5. By Lemma 5.14 we have M
+
0 T. Let t0 # M0 , t1 # M
+
0 &M0 .
Then by Lemma 5.15, t0 t1 occurs in E(M). Since |M0 |4 this contradicts
Lemma 5.16(iv).
(ii) If w1w2 , w1w3 , and w2w3 all occur in E(M) then by part (i)
[w1 , w2] is E(M)-maximal and we contradict Lemma 5.16(v).
(iii) Since a$a" occurs in E we obtain a relation inducing x | a | a$a".
Moving b away from x, we argue as in the proof of Lemma 5.15 that we
obtain either 332 (2
r&n2) or 18 (2
r&n2) relations in which x is with neither
a nor b, a is not with a", and a$, a" are together. If a$a" does not occur
in E(M) this yields a contradiction, using the last two statements in
Lemma 5.13.
We can now address our goal of showing that a$ does not occur in E
with any element of T _ [c, d ].
Lemma 5.18. Assume (V).
(i) If t # T then ta$ does not occur in E.
(ii) ba$ does not occur in E.
Proof. (i) By Lemma 5.17(i) the set [a, a$] is E(M)-maximal, and by
5.17(iii) a$ occurs with a" in E(M). So by Lemma 5.16(iii), ta$ cannot occur
in E(M). By Lemma 5.15, ta$ cannot occur in E.
(ii) Arguing as in part (i), ba$ does not occur in E(M). If it occurred
in E we would obtain a relation inducing x | a | ba$, and then moving a"
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away from a we would obtain as in 5.15 either 332 (2
r&n2) or 18 (2
r&n2) rela-
tions in which x is with neither a nor b, a and a" are apart, and b and a$
are together. Since ba$ does not occur in E(M) this, with 5.13, would yield
a contradiction.
To show that a$ does not occur in E with an element of [c, d ] we need:
Lemma 5.19. Assume (V). If t # T then t occurs in E with an element of
[c, d ].
Proof. If not then t occurs with none of x, c, d, a, a$, so t occurs with
an element of [b, a"] _ T, and thus we have an E-maximal class containing
a set of one of the types
[t, t1 , t2], [t, t1 , a"], [t, t1 , b], [t, a", b],
where t1 , t2 # T. If [t, t1 , t2] occurs then by 5.13 each member of this set
occurs with the other two in E(M), contradicting 5.17(ii). We deal with
[t, t1 , a"] and [t, t1 , b] similarly. Finally, if [t, a", b] occurs then any two
adjacent elements in the sequence a, a$, a", t, b (considering a and b to be
adjacent) constitute an E(M)-maximal class and thus by 5.16(iii) each ele-
ment of the sequence occurs in E(M) with no elements other than the two
adjacent to it. Considering a relation in E(M) having a minimal number of
nonempty classes, we obtain a contradiction because the sequence contains
an odd number of elements.
Lemma 5.20. Assume (V). Then a$ occurs with neither c nor d in E.
Proof. Suppose ca$ occurs in E.
To extend [c, a$] to a maximal class we cannot add x or a; and we can-
not add b or any element of T by 5.18. So we must obtain [c, a$, a"] or
[c, a$, d ].
Since (M, M$) is excellent and n6 we must have |X|9, so there are
elements t1 , t2 in T. We observe that by Lemma 5.4(ii) each of c, d occurs
in E with at most two elements not in [x, c, d ].
Suppose we have a maximal class [c, a$, d ]. Then by the preceding
observation and Lemma 5.19, one of t1 , t2 occurs with c in E, say t1 . To
extend [c, t1] to a maximal class we can only add x, d, or a$ since these
are then the only elements other than t1 that occur with c. We cannot add
x or a$ since these do not occur with t1 in E. If we add d then both c and
d occur with both a$ and t1 , so neither c nor d can occur with t2 , contra-
dicting 5.19.
So we have a maximal class [c, a$, a"] and thus each of t1 , t2 occurs with
d in E. Since (M, M$) is excellent, b must occur in E(M) with an element
other than a. If ba" occurs in E(M) then to extend [b, a"] to an E-maximal
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class we cannot add x; we cannot add a by 5.12; we cannot add c or d
because c occurs with a$ and a" and d with t1 and t2 ; and we cannot add
a$ by 5.18(ii). So we must add an element t # T. But then a" occurs in E(M)
with both b and t, by 5.15, and this contradicts 5.16(iii) for M0=[a$, a"].
So ba" does not occur in E(M), and thus by 5.18(ii) bt occurs in E(M)
for some t # T. To extend [b, t] to an E-maximal class we can only add a"
or an element of T. We showed in the proof of 5.19 that we cannot add a".
If we add an element of T then by 5.15 b occurs in E(M) with each of two
elements of T, contradicting 5.16(iii) for M0=[a, b].
This concludes the proof of Claim I, and we now turn to Claim II. In
Case IV(B) at least one of xb | a or xa | b must be deficient, lest the middle
coefficients in the basic count on M, x, and [a, b] each increase by 18 ,
yielding a contradiction. So by Lemma 5.11 Claim II holds. We must still
deal with Case IV(C), and so we now assume n=6 and r11.
We have n(M$)=n&1 by the hypothesis of Claim II, and so we have
relations in E inducing xa | bv1 and xb | av2 for some v1 , v2  [x, a, b]. Let
A and B be E-maximal configurations inducing, respectively, xa | bv1 and
xb | av2 . Each of A and B can add at most one element to the class not
containing x and can add only c or d (not both) to the class containing x.
So 4|YA |6 and likewise for |YB |. We let _a and _b denote the coef-
ficients in the basic count on M, x, [a, b] corresponding to [a] and [b],
respectively.
We assume Claim II fails and seek a contradiction.
Lemma 5.21. If |YA |=4 or 6, or if |YA |=5 and n(A)3, then _a
increases to at least 716 . Likewise for |YB | and _b .
Proof. If |YA |=4 or 6 then |X&YA | is odd and at least 5, so using A
and fixing x, a, b, and using Lemma 5.2 to estimate |E(A)|, we get _a 716
if n(A)=4 and _a 916 if n(A)=3. If |YA |=5 and n(A)=3 then using 5.2
with |X&YA |6 we find _a 2532 , while if n(A)=2 we find _a
1
2 .
Lemma 5.22. If |YA |=5 then _a 38 , and if neither c nor d is with x in
A then _a 716 . Likewise for |YB | and _b .
Proof. If c or d is with x in A then we have a 3-element maximal class
containing x and a but not b, so fixing x and a and using Proposition 3.3
we find _a 38 . If neither c nor d is with x then the class of A containing
b is a 3-element maximal class, so since we are assuming Claim II fails we
must have n(A)3. Thus _a 716 by 5.21.
Lemma 5.23. |YA |=5, n(A)=4, and in A either c or d is with x. The
corresponding statements hold for B.
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Proof. Since each of _a and _b is at least 38 , neither can be as large as
7
16 , because then _ would be at least
7
4 . All of our claims now follow from
5.21 and 5.22.
Without loss of generality we may now write A as xac | bv1 . By 5.4 and
5.23, moving b if necessary in A shows that b occurs in E with a unique
element zb # Z; likewise for a and za .
It follows that there is no z # Z such that abz occurs in E. For abz cannot
occur in E(M); if it did we could extend it to an E(M)-maximal class
(necessarily of even cardinality) and get each of a and b occurring with two
elements of Z. So if abz occurred at all we could as in 4.10 increase
_1(M, x, [a, b]) by 316 , and since each of _a , _b is at least
3
8 we would have
a contradiction.
When we extend [b, zb] to an E-maximal class we can therefore not add
a; we cannot add x because xzb cannot occur; and we cannot add c by 5.4
because c occurs with a  [x, c, d ]. So we must add d, and thus by 5.4
x, c, b, zb are the only elements with which d occurs in E.
Note that if v1=zb in A then since A is E-maximal d must occur in E(A)
with some w  YA , a contradiction. So v1=d, and since n(A)=4 it follows
by moving x that xbd occurs in E. If we let M1 denote the E-maximal class
[x, a, c] then as in 5.5(ii) it follows by considering the basic count on
M1 , x and [b, d ] that every E(M1)-maximal class has even cardinality.
If we take a relation inducing A and having six nonempty classes and move
b and d, they can only join zb , so bdzb occurs in E(M1). Extending bdzb to
an E(M1)-maximal class we conclude that b and d occur with an element
of Z other than zb , a contradiction.
The Case +(E)3. We again suppose E is a counterexample to 5.1,
and we fix an E-maximal set M and an element x # M that occurs in some
relation in E with a set S of + elements of X&M. In working toward a
contradiction we may assume +=3 or 4 in Case IV(B), and we must
increase _(M, x, S) by 332 if +=3 and by
1
64 if +=4. In Case IV(C) we must
increase _ by 5(2&2&+).
Lemma 5.24. n(M)=n&1.
Proof. If not then _1 increases by 14 .
Lemma 5.25. If a, b are two elements of S then there is a relation in
E(M) in which a and b lie in the same class.
Proof. Suppose not and take a third element c # S. Then there is no
relation in E(M) in which abc occurs.
We have _(M, x, [a, b, c])( 74&
5
32). We have in particular
3
32 (2
r&n2)
relations in which xabc occurs, and when we move x in these relations we
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increase _1(M, x, [a, b, c]) by 332 . This yields a contradiction in Case
IV(B), so we assume n=6, r11, and seek a further increase of 116 in
_(M, x, [a, b, c]) to get a contradiction in Case IV(C).
Since n(M)=5 by Lemma 5.24, there is a relation R in E(M) in which
the elements of X&M occupy 5 classes. We assert that in any such R the
elements a, b, c cannot be in three separate classes. For if they are, consider
what happens when we move x. If x joins one of a, b, c, say b, then as
pointed out in the discussion preceding Lemma 5.3, the coefficient in the
basic count corresponding to relations in which x is with b but not a or
c is multiplied by 32 , since a and c are in two separate classes. So this coef-
ficient increases by 116 and we have a contradiction. Thus when we move x
it joins some z # X&M but none of a, b, c. Taking an E-maximal configura-
tion inducing xz | a | b | c and fixing x, z, a, b, c we obtain 18 (2
r&62) rela-
tions in which x is with none of a, b, c, abc does not occur, and xz occurs.
So _1(M, x, [a, b, c]) increases by 18 , beyond the first increase of
3
32 , and we
have a contradiction.
If we now take R as in the preceding paragraph, we see by moving a or
b that we have a relation in E(M) in which a and b are in the same class.
Lemma 5.26. There is a relation in E(M) in which the elements of S all
lie in the same class.
Proof. Let a, b, c # S and by Lemma 5.25 let M0 be an E(M)-maximal
set containing a and b. By Lemma 5.5(v) we cannot have M0=[a, b],
because each of a, b occurs with c in E(M). So |M0 |>2 and therefore no
s # S can lie outside M0 by Lemma 5.5(iv), because b occurs with s in
E(M).
For Case IV(B) a more direct proof of Lemma 5.26 is available, without
the detour through 5.25. We also remark that in working with standard
counts in the following arguments we will often, as we did in 5.25, suppress
mention of the situation where the maximal configuration involves all the
elements of X.
By Lemma 5.26 we can fix an E(M)-maximal class M* containing S. We
let T=M*&S, and Z=X&(M _ M*).
The first part of the next Lemma is in some sense the key point of our
treatment of the case +3, and what distinguishes it from the case +2.
Lemma 5.27. (i) No member of M* occurs with any member of Z in
E(M).
(ii) In E(M) we have n(M*)=n&3.
(iii) M*=S if + is even and |M*|=|S|+1 if + is odd.
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(iv) (Case IV(B)) If +=4 and two elements of X&M occur together
in E then they occur together in E(M).
(v) (Case IV(C)) |Z|=4.
Proof. (i) Apply Lemma 5.5(iv).
(ii) If n(M*)=n&2 then by movability of elements of M* we con-
tradict part (i). If n(M*)n&4 then from the standard count on M*
fixing one element we get |E(M)|21& |M|(2r&n2) and so _1(M, x, S)1,
a contradiction.
(iii) Since |M*| is even we must show that M* cannot contain two
elements t1 , t2 not in S. We have a relation in which M and M* are classes,
one class is empty and the elements of Z occupy n&3 classes. If t1 , t2 exist
and we move t2 it can only move to the empty class, by (i). But then x
cannot be moved, by 5.4.
(iv) Suppose v1 , v2 # X&M occur together in E. Then we have a
relation inducing x | v1v2 , and when we move the elements of S away from
x and use a standard count fixing the (seven or fewer) elements of
S _ [x, v1 , v2] we get relations that increase _1(M, x, S) by at least 164 if v1
and v2 do not occur together in E(M).
(v) Since |M| is odd by 5.5(i) and |M*| is even by 5.5(ii), |Z| is
even. We have |Z|4 by part (ii). If |Z|6 then by applying Lemma 5.2
to E(M*), in E(M), we get |E(M)|(25(8 - 2))(2r$&52), where r$=
|X&M|, so _1(M, x, S) 2516 , a contradiction.
An important point in our argument will be to show that no relation in
E partitions M* into more than two nonempty classes. We begin with
Lemma 5.28. No relation in E(M) partitions M* into more than two
nonempty classes.
Proof. Let r$=|X&M|, n$=n&1, m*=|M*|. We first observe that we
have at least (3(2 - 2))(2r$&n$2) relations in E(M) in which M* is parti-
tioned into at most two classes. For by Lemma 5.27(ii) we have a relation
in E(M) in which the elements of Z occupy n$&2 classes, and by 5.27(i),
in any such relation the elements of M* must be distributed between the
two classes not containing elements of X&M*. By moving elements of M*
we may thus obtain any of the 2m*&1 partitions of M* into at most two
classes, and for each of these we obtain by using Proposition 3.3 at least
(3(2 - 2))(2r$&m*&(n$&2)2) relations.
If now a relation R in E(M) places three elements v1 , v2 , v3 of M*
into separate classes, take a E(M)-maximal configuration M1 inducing
v1 | v2 | v3 and use the standard count on M1 fixing v1 , v2 , v3 to get
2&32(2r$&n$2) relations in E(M) in which M* is partitioned into three or
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more classes. Then |E(M)|- 2 (2r$&n$2) so _1(M, x, S)1 and we have
a contradiction.
Lemma 5.29. No relation in E partitions S into more than two nonempty
classes.
Proof. Suppose some relation R partitions S into at least three classes.
If there is such an R that places x with no elements of S then using a
maximal configuration inducing the same partition of S _ [x] and fixing
S _ [x] we get 21&+(2r&n2) relations which, by Lemma 5.28, increase
_1(M, x, S) by 21&+, yielding a contradiction.
So we assume that every such R places x with an element of S and hence
that every such R partitions S into exactly three classes. Moving x, it
follows from the remarks preceding Lemma 5.3 that two of the middle coef-
ficients in the basic count increase by 2&+&1 each, and the total increase
of 2&+ yields a contradiction in Case IV(B). If +4 then by moving
elements of S as well as x we see that in fact three middle coefficients
increase by 2&+&1 each, so we also have a contradiction in Case IV(C).
We are left with the situation +=3 in Case IV(C). We will have a con-
tradiction here too if we can increase _1 by 2&+&2, to augment the increase
of 2&+ in the middle coefficients.
We note that in the present situation no y # M* can occur in E with any
z # Z. For if yz occurs we take a maximal configuration inducing a parti-
tion of S _ [x, y, z] in which y, z are together and x is with no element of
S _ [ y, z], and we use a standard count, fixing S _ [x, y, z], to get at least
2&+&2 relations which yield a contradiction since yz does not occur in
E(M) by 5.27(i).
It follows that there is no relation in E in which the three elements
s1 , s2 , s3 of S are in three different classes and elements of Z occur in three
other classes. For starting with such a relation and moving x and an ele-
ment t # T (note that T{< since |M*| is even) we could produce a rela-
tion placing x with any s i we choose, with the elements of S in three
separate classes. (We rely on the fact that x can occur with no element of
Z _ T.) As above this would increase three of the middle coefficients in the
basic count enough to yield a contradiction.
To fix notation, say we have relations inducing xs1 | s2 | s3 and
s1 | xs2 | s3 . When we count relations inducing xs1 | s2 | s3 we use a maxi-
mal configuration C inducing xs1 | s2 | s3 . If n(C )=2 this yields 14 (2
r&62)
relations, and we have 316 (2
r&62) inducing s1 | xs2 | s3 . These two terms
increase the basic count by 18+
1
16>
5
32 and we have a contradiction. So
n(C )=3. If r$=|X&YC | then if r$>4 we have by Lemma 5.2 |E(C)|
(9(4 - 2))(2r$&32), which is 32 times the estimate we used in obtaining
3
16 (2
r&62) relations inducing xs1 | s2 | s3 so we now have 932 (2
r&62) such
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relations, which yields a contradiction. So r$4. On the other hand,
X&YC includes Z and |Z|=4 by Lemma 5.27(v). So X&YC=Z and we
have a relation in which the elements of S occur in three different classes
and so do the elements of Z. This contradicts the result of the preceding
paragraph.
Lemma 5.30. No relation in E partitions M* into more than two non-
empty classes.
Proof. By 5.29 and 5.27(iii) we can assume + is odd and T=[t].
If our claim fails then by 5.29 some relation R induces a | b | t, where
a, b # S and every element of S is with a or b in R. If x is not with a or b
in R we take a maximal configuration inducing a | b | t | x, fix a, b, t and x,
and get at least 14 (2
r&n2) relations in which x is with none of S (by Lemma
5.29) and M* is partitioned into more than two classes. By 5.28 this
increases _1 by 14 , a contradiction.
If x is with a or b in R then we can move elements of S to place x with
five different nontrivial proper subsets S1 , ..., S5 of S. Using five corre-
sponding maximal configurations and fixing S _ [t, x] in each case we
obtain for each Si (using Proposition 3.3) 3(2&+&2)(2r&n2) relations in
which Si=[s # S | s is with x] and M* is partitioned into three pieces. On
the other hand if we start with a relation R$ in E(M) in which M* occupies
two classes, one containing a and the other b, and Z occupies n&3 classes,
and we move x, x must join a or b. By 5.29 we can then move elements of
S so that the subset of S that is with x is any Si we wish and M* is still
partitioned into two pieces. Using an E-maximal configuration inducing
the partition we have of S _ [t, x], and fixing S _ [t, x] we obtain
2&+&1(2r&n2) relations in which Si=[s # S | s is with x] and M* is parti-
tioned into two pieces. The coefficient in the basic count corresponding to
Si has now increased from 4(2&+&2) to 5(2&+&2). Using all five choices for
Si we obtain a contradiction.
Lemma 5.31. + is even.
Proof. We have a relation in E(M) in which M* occupies two classes
and Z occupies n&3. When we move x in such a relation it must join one
of the two classes containing M*. By 5.30 we may then move elements of
M* to place any element of M* we like with x. If + is odd and t # T we
may thus place t with x, contradicting 5.4(i).
Lemma 5.32. If y # M* and z # Z then yz does not occur in E.
Proof. Any relation R in which yz occurs must induce x | yz, by Lemma
5.4. We may choose R so that the elements of M* lie in two classes, and
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then by moving x if necessary we can obtain a relation inducing x | yz | u,
with u # M*. Taking a maximal configuration that induces x | yz | u, and
fixing x, y, z, u, we obtain relations that, by 5.27(i) and 5.30, increase
_1(M, x, S) by 316 .
In Case IV(B) the result of Lemma 5.32 is also immediate from 5.27(i),
(iv).
Since + is even we have M*=S and +4. We now consider the set
W=[w # M | w occurs in E with an element of Z].
Lemma 5.33. W{<.
Proof. If W=< then by 5.32 no element of M _ S occurs in E with an
element of Z. Since |M _ S| is odd we can argue as in the proof of Lemma
5.7 to obtain a contradiction, replacing M by M _ S.
Lemma 5.34. (i) If w # W then w does not occur in E with any element
of S.
(ii) If x$ # M&W then there is a relation in E in which S _ [x$] lies
in one class.
Proof. (i) If w occurs with an element of S then for any subset S$ of
S containing +&1 elements, there is by 5.29 a relation in E in which
S$ _ [w] lies in one class. We may thus consider the basic count of rela-
tions according to which elements of S$ w is with, and we have
_(M, w, S$)( 74&(52
++1))(2r&n2).
We know wz occurs in E, for some z # Z. If wz occurs in a relation that
places the elements of S in two classes other than that containing wz then
by fixing w, z, and two elements of S and relying on 5.29, we obtain
3
16 (2
r&n2) relations in which x occurs with z but with none of S$, and this
increases _1(M, w, S$) by 316 . Since
3
16>(52
++1) for +4, this yields a
contradiction.
So wz occurs only in relations in which the elements of S occur in at
most one class other than that containing wz, and thus by moving elements
of S we get a relation in which S$ _ [w, z] lies in one class. Since
|S$ _ [z]|=+ we can repeat the arguments that led to Lemma 5.32 to con-
clude that no element of S$ _ [z] occurs in E with any element of
X&(M _ S$ _ [z]). In particular, since z does not occur with any element
of S$, z occurs with no element of X&M other than z itself. But this is
impossible, since M | S is a maximal configuration, and in E(M | S) z must
occur with an element of Z other than z itself.
(ii) We have a relation in E(M) in which S occupies two classes and
Z occupies n&3. If we move x$ in such a relation it must join one of the
two classes containing S. If we now move all the elements of S that are not
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with x$, they must all (including the last one we move) join x$, because
they cannot join elements of Z or the elements of W in M&[x$].
We now focus on Case IV(B).
Lemma 5.35 (Case IV(B)). |W |2.
Proof. Let M$ be an E-maximal class containing S _ [x] and let
W+=M&M$. Note that WW+. We will show that |W+|2.
If |W+|3 then since x # M$ occurs with all of W+ in M, we conclude
as in Lemma 5.5(i) that |M$| is odd. Since M$ is the disjoint union of
M$ & M and S, |M & M$| is therefore odd. Since |M| is odd, |W+| is there-
fore even, so |W+|4. Since +=4, |W+|=4=+, and therefore by the
arguments for 5.27(i, iv), no element of W+ occurs in E with any element
not in M$ _ W+=M _ S. But any element of W contradicts this conclu-
sion.
Lemma 5.36 (Case IV(B)). If C is an E(M)-maximal class containing an
element of Z then there is no z # Z&C such that C _ [z] occurs in one class
of a relation in E.
Proof. By 5.27(i), CZ, and by 5.5(ii), |C | is even.
If |C |4 then our claim is clear by 5.27(iv) and 5.5(iv). If |C |=2 and
C _ [z] occurs in one class in E then by 5.27(iv) each element of C occurs
in E(M) with z, contradicting 5.5(v).
Lemma 5.37 (Case IV(B)). If C is an E(M)-maximal class containing an
element of Z then every E-maximal class containing C must contain an
element of W.
Proof. By 5.27(i, iv) and 5.36 it will suffice to show that C is not
E-maximal.
We note that |C | is even and use the proof of 5.6 to show that if C is
E-maximal then n(C )=n&1 and every element of C occurs in E with
exactly one element of X&C. If |C |4 then by 5.27(iv) and 5.5(iv) this
element must be in W.
If we take a relation in which C is one class and the elements of X&C
occupy n&1 classes, and move the elements of C as in the proofs of 4.3
and 5.6, it follows that since |W |2 we get exactly two maximal classes
Mx and My whose union has even cardinality |C |+2. We then argue as in
4.3 to obtain a contradiction.
Lemma 5.38 (Case IV(B)). Let C be an E(M)-maximal class containing
an element of Z. Then |C |=2 or 4, and if xC is an element of W such that
C _ [xC] is contained in an E-maximal class, then xC occurs in E with no
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elements of Z&C. If |C |=4 then no element of C occurs in E with any
element of Z&C.
Proof. Choosing xC as indicated we see that |C |=2 or 4 because +=4.
If |C |=4 then no element of C _ [xC] can occur with an element of Z&C
by the arguments for 5.27(i), (iv) and 5.4(i).
If |C |=2 and y # Z&C then by 5.36 C _ [xC , y] cannot occur in one
class in any relation in E. So we can argue as in the proof of Lemma 5.4
that xC cannot occur with y in E.
Lemma 5.39 (Case IV(B)). There is no E(M)-maximal class of car-
dinality 4 containing an element of Z.
Proof. If C is one then choosing xC as in 5.38 we see that the elements
of Z&C, if any, constitute an E(M)-maximal class C$ of cardinality 2 or 4,
the elements of which occur in an E-maximal class with the second element
xC$ of W and never occur with elements of C. By the argument for Lemma
5.29, with xC or xC$ in place of x, no relation in E partitions C or C$ into
more than two nonempty classes. Thus when we take a relation R in which
M is one class, S occupies two classes, and Z occupies n&3, the elements of
C must occupy two classes by movability. Likewise the elements of C$, if
present, occupy two classes. So n=5 or 7, contradicting the fact that n is even.
We can now obtain the contradiction that completes the induction step
in the proof of Proposition 5.1 in Case IV(B). Taking a relation R as in the
proof of 5.39, we see that since n6, |Z|4. By 5.375.39 we conclude
that |W |=2, |Z|=4, n=6, and we have two E(M)-maximal classes
C=[c1 , c2] and D=[d1 , d2] contained in Z such that xC # W occurs in E
with c1 , c2 but not with d1 or d2 , and vice versa for xD . If we start with
the relation R and move elements of C _ D we see that some ci occurs
with some dj in E(M), and thus the E(M)-maximal class [ci , dj] occurs
with either xC or xD in E, a contradiction.
We now turn to Case IV(C).
Lemma 5.40 (Case IV(C)). There do not exist three elements z1 , z2 , z3 in
Z such that z1 z2 , z1z3 , and z2 z3 all occur in E(M).
Proof. If such z1 , z2 , z3 existed then by 5.5(v) [z1 , z2] would not be a
maximal class in E(M), so by 5.27(i), z1z2 z would occur in E(M) for some
z # Z. But then since |Z|=4 we would obtain a relation in E with only
three nonempty classes: M, S, and Z. This would yield |E(M)|
- 2 (2r$&52), with r$=|X&M|, and thus _1(M, x, S)1, a contradiction.
Lemma 5.41 (Case IV(C)). (i) For any zi # Z there is some zj # Z such
that zi zj does not occur in E(M).
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(ii) If w # W there is no relation in E in which w is in the same class
with three elements of Z.
Proof. (i) If zi occurs with each of the three other elements of Z in
E(M) then by 5.40 no two of these three can occur together in E(M). This
contradicts 5.27(ii).
(ii) If wz1z2z3 occurs then the argument for Lemma 5.25 shows that
z1z2 , z1z3 , and z2z3 all occur in E(M), contradicting 5.40.
Lemma 5.42 (Case IV(C)). If z1 , z2 # Z and z1z2 occurs in E then it
occurs in E(M).
Proof. Suppose z1 z2 occurs in E but not in E(M). We have a relation
R in which S is partitioned into two nonempty classes and a third class
contains z1z2 . If there is such an R in which an element y # M&W occurs
in a fourth class, then fixing y, z1 , z2 , and one element from each of the two
parts of S, we get at least 18 (2
r&n2) relations in which y is with none of S
and z1z2 occurs. Thus _1(M, y, S) 34+
1
8 , a contradiction since +4.
So in every R as above the elements of M&W are in the two classes con-
taining S. We may thus move all of M&W to one of these two classes and
then move elements of S (which occur only with elements of S _ (M&W))
to obtain a class M$=S _ (M&W) which is E-maximal. If we can show
that |M$| is odd then we can move an element of S, then all of M&W,
then the rest of S to obtain the same relation in an odd number of moves,
a contradiction.
To see that |M$| is odd, note first that n(M$)4 by movability of
elements of S. If |M$| is even then by Lemma 5.2 the standard count on M$
is at least 74 (2
r&62) if n(M$)=4 and 94 (2
r&62) if n(M$)=3, a contradiction
in either case. (Note that n(M$)=2 is impossible if |M$| is even.)
Lemma 5.43 (Case IV(C)). If w # W and zi # Z then wzi occurs in E.
Proof. By 5.41 and 5.42 choose zj # Z such that zizj does not occur in
E. Take a relation in E(M) in which S occupies two classes and Z occupies
three, and move w, necessarily to join one of the classes comprising Z.
When we then move elements of Z they can join neither x nor elements of
S. So if w is not already with zi then when we move zj if necessary to
separate it from w, and then move zi , zi must join w.
We obtain the contradiction that concludes the proof of 5.1 by noting
that by 5.41(ii) and 5.43, w occurs with each of z1 , z2 , z3 , but not all at
once. So we can argue as in Lemma 5.4(ii) that |E| 74 (2
r&n2), because the
only use of the assumption +=2 in 5.4(ii) was to guarantee that the
element of M in question does not occur with all three elements of X&M
at once.
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